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Abstract—The remote exploration or monitoring of an
environment often includes sensor measurements at multiple
probe points and reconstruction of the spatial distribution of the
observed physical quantity by a regression model. Especially for
long distances between the observer and the environment,
required data volume for transmitting a parametric description
of the spatial distribution becomes critical. Simple physical
models or assumption of parametric base functions do not
provide sufficient prediction accuracy. Statistically based
methods for field reconstruction such as Kriging or Gaussian
Process Regression provide good accuracy, even if the
measurements are overlaid with noise, provided all sensor data is
transmitted. The new method presented in this paper calculates a
small set of quasi optimal virtual sensor positions located inbetween the real sensors. By transmitting only the predicted
values of these virtual sensors, the spatial field can be
reconstructed with less transmitted data and without
significantly increasing the prediction error. The new approach
was verified in a simulation scenario for a temperature field
caused by diffusion and advection phenomena, which yielded a
data compression by a factor of up to four. For large variations
of the number of sensors and of the magnitude of measurement
noise, the prediction error was always lower compared with the
parametric base function models.
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I. INTRODUCTION

of the spatial distribution of a physical
property in remote environments that are difficult to
access for humans can be done by wireless systems, e.g.,
concentrations of a chemical pollutant in a lake [1],
temperature and airflow in a chilled warehouse with nitrogen
atmosphere [2], or geological or soil properties, e.g. soil
moisture in large irrigation systems [3]. The typical
information chain in these applications consists of the
following elements:
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• The remote sensor system collects data at multiple probe
points by a wireless sensor network or a mobile sensor or
robot. The measurements are often overlaid with noise and
local disturbances.
• A gateway collects the sensor data, pre-processes them,
and sends them over a long-distance radio link to an
observer.
• The observer carries out a field reconstruction by
regression or interpolation techniques to predict the
undisturbed, noise-free field values, for the probe locations
as well as for points in-between.
Especially in extra-terrestrial applications, the required data
volume that has to be transmitted over the radio link is a
critical design issue, which should be reduced by adequate
pre-processing on the gateway.
Parametric models have often been used to reduce data
from spatial measurements to a small set of parameters by
describing the spatial distribution by a sparse set of base
functions. After estimating the parameters of these functions,
the original measurement data can be discarded, resulting in a
good compression rate. The base functions can be selected
according to a physical model, e.g., a Green’s function for
diffusion processes [4], [5], [6], [7]. This Green’s function is
identical with the common Gaussian Radial Basis Functions
(RBF) model [8], except for a time-dependent scaling factor.
Although these models provide good data compression,
they introduce an additional error to the field reconstruction
because real physical processes cannot be reduced to simple
base functions. In almost any real application, diffusion
processes are overlaid with other physical phenomena such as
the transport of heat or chemicals by advection and convection
or geological processes during rock and soil formation.
Non-parametric models are more flexible to approximate
different shapes of the spatial field. These purely data-driven
approaches take no assumptions of the underlying physical
process or curve shape, except for some statistical properties.
Kriging [9], [10] and Gaussian Process Regression (GPR)
[11], [12] provide a better fit to the data by estimating the field
value as a linear combination of the measurements, but at the
cost that the complete measurement data set is required for
field reconstruction.
Smoothing splines are another important type of nonparametric models to represent the measurements of a wireless
network [13]. They approximate the measurements by spline
functions located at a dense network of knot positions. Due to
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the high number of required knots, they have also limited
capabilities for data compression.
In this paper we present a new approach that is based on the
non-parametric Kriging model to achieve accurate field
reconstruction, but also largely reduces the transmitted data
volume over the radio link by representing the measurements
by a small set of so called virtual sensors. The compressed
description of the field consists of the location coordinates of
the virtual sensors and the smoothed field values at their
positions. The algorithm calculates quasi-optimal locations of
these virtual sensors to minimize the prediction error
compared to field reconstruction by the full data set. The term
‘virtual sensors’ has been mentioned in literature occasionally
[14], but up to our knowledge, it has not been applied for data
compression so far.
Other previous works [15] employ compression through
random superposition of measurements to a smaller number of
values transmitted on the cluster head communication links,
but this approach requires centralized Compressed Sensingbased reconstruction.
In section 2 we shortly introduce the basic ideas behind the
Kriging and RBF models, which serve as reference. Our new
approach is described in section 3 with a focus on the strategy
for setting the positions of the virtual sensors. The new
method is compared with the reference models by simulation
studies in terms of compression rate and prediction error in
section 4.

For simplicity, we restrict the models to a two-dimensional
field, but extension to three dimensions is straight forward.
We assume that the field f(x,y) generated by a physical
process is overlaid with Gaussian independent and identically
distributed (i.i.d.) noise with RMS (Root mean square) σN. The
prediction g(x,y) of the model should be as close as possible to
the true field values f(x,y), which cannot be directly observed.
The accuracy of the model and its capability to smooth the
noise are evaluated by a quadratic error criterion (1),
calculated for rMax points, typically distributed on an
equispaced grid.
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The estimation of the model has to be based on the sensor
measurements ms at smax points at coordinates xs and ys, which
serve as training data. During training, the following error
criterion is minimized (2):
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The RBF model, for example, approximates the field with a
sum of bMax RBF functions with amplitudes ai and widths λi at
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Linear estimators such as Kriging and GPR predict the field
by a weighted average of the measurements. The weighting
factors ωs depend on the coordinates of the target point at x,y
(4). The number of sensor points used by the model is often
restricted to the kN closest neighboring sensors of the target
point to avoid high computation loads.
kN

g ( x, y ) = ∑ ω s ( x, y ) ⋅ ms

(4)

s =1

The Kriging method calculates optimal values for the
weighting factors ωs, in order to minimize the expected
squared prediction error for the related target point, under the
condition that the observed values result from a second-order
stationary spatial process, i.e., the mean E{mi} is independent
of location, and the correlation of any two points i,k depends
only on their distance di,k according to the variogram function
γ(∙) in (5):
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II. MODELS FOR SPATIAL FIELD RECONSTRUCTION

e Re f =

centers xi, yi and a constant offset c0. In total, 4∙bMax+1
parameters are required to describe the field.

}

(5)

Ordinary Kriging additionally estimates E{mi}. Calculation
of the ωi requires inversion of a matrix with order kN+1. The
matrix elements at i,k are set to γ(di,k) by the distances between
the neighboring sensors points. The last row and column of the
matrix are filled with ones, except for the last diagonal
element, which is zero. More details can be found in earlier
publications [9]. For anisotropic variogram functions, see
statistical textbooks, such as [16].
The crucial step in applying the Kriging method is the
estimation of the variogram by current or historic
measurement data. The variogram estimation by experimental
data has to be fitted by a conditionally negative definite model
function. An example variogram model is given in section 3C.
The approach of GPR is similar to Kriging, except that it
describes the spatial correlation between sensor points by a
covariance matrix instead of a variogram model.
III. VIRTUAL SENSORS
Because the location of local field extrema is not known in
advance, a high number of sensors are required to capture the
spatial distribution of an unknown field. The basic idea of our
approach is to identify a small set of sensor positions, which
are able to capture the field without significant loss of
accuracy. In case of mobile sensor nodes or measurement
devices, most sensors can be switched off and only few of
them can move to the identified optimal positions. In the
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Small deviations of the virtual positions xv, yv can be
tolerated without significantly increasing the training error εT,
as long as the predicted values for the virtual sensors pv are
corrected according to position offsets. See section 4B for a
sensitivity analysis. Due to this fact, it is possible to achieve at
quasi-optimal parameters Θ* with a heuristic search. During
an optimization loop, the parameters in Θ are optimized oneby-one.
A.
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Fig. 1: Example for initial setting and optimization of the coordinates of the
virtual sensors. Initial positions (blue squares) on a rectangular spiral (green
doted lines). Trace of the virtual sensors during 10 optimization loops (blue
lines) and final positions (blue diamonds). Maxima of the test data for a 2diminsional field (red circles).

(6)

φ

sMax

After one optimization step for all 2∙vN coordinates, ∆x,y is
decreased by 10% and the loop is repeated for ten times.
Further loops brought only marginal improvement of εRef.

y [m]

more general case of stationary sensors, virtual sensors can be
simulated at the optimal positions. The virtual measurements
at these positions are prediction by the regression model.
The field reconstruction by the observer is carried out in the
same way as for the standard Kriging method, except that the
weighted average in (4) is calculated for the virtual sensors
instead of the real sensor positions. In the following, we name
this new approach as ‘Virtual Kriging’ in contrast to ‘Full
Kriging’ with all sensor positions.
This approach overcomes the disadvantage of the Full
Kriging of requiring the transmission of all measurement data
for field reconstruction. Instead only the locations xv, yv and
the predicted values pv at vN virtual positions have to be
transmitted, with total 3∙ vN parameters.
The identification of the best positions of the virtual sensors
is an optimization problem on a parameter vector Θ with size
2∙vN for the sensors’ xv and yv coordinates. The remaining
predicted values pv can be calculated by Ordinary Kriging with
xv, yv and the values of the kN closest neighbors as inputs.
Substitution of (2) and (4) into the optimization criterion for
vN virtual sensors instead of kN real sensors results in (6). The
problem is highly non-linear because the weights ωv,s as well
as the pv values depend both on a matrix inversion and the
non-linear variogram function.

Positions of the virtual sensors
For simplification, we assume a quadratic shape of the
observed area. During initialization, the virtual sensors were
set on a quadratic spiral with 2 turns, with a distance between
the virtual sensors of the total length of the spiral divided by
vN, see figure 1 for illustration.
During the following optimization loop the xv, yv
coordinates are adjusted one-by-one: The training error εT is
calculated for a small shift of the selected coordinate by ±∆x,y.
The new value for the selected parameter is given by the
minimum of a parable through the εT value for the unmodified
point and the two εT values for the shifted points. The
maximum change of the selected parameter is limited to 2∙∆x,y
to avoid instabilities.

B.

Estimation of the RBF model
As further method besides Virtual Kriging, we also
evaluated the accuracy of the RBF model, which requires
estimation of 4∙bMax+1 parameters (7). For simplicity, we
applied the same optimization process as for the virtual
sensors. In addition to the coordinates xi and yi, also the widths
λi and the heights ai of each RBF function were adjusted oneby-one per optimization loop.

θ RBF = [c0
xbMax
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abMax

λb

Max

]

(7)

The constant offset c0 was adjusted after each optimization
step to minimize the difference between the average of the
sensor measurements and the predicted field values at the
same coordinates. Alternate approaches to estimate the
parameters of RBF or related Green functions can be found in
[4], [5], [6] and [7].
C.

Test data
The test data were generated by a CFD (computational fluid
dynamics) simulation of a 2-dimensional temperature field. In
contrast to real measurement data from field or laboratory
tests, simulated data has the advantage that full access to the
undistorted field value is provided and the number and
position of measurement points can be freely varied.
The simulation scenario consists of three heat sources with

a diameter of 0.4 m in a square water basin of 2m∙2m size.
The walls are isolated with an outside temperature of -1°C
(Figure 2). Cooling is enhanced by a small flow of water with
a speed of 0.01 mm/s at the inlet. Even at this low flow rate,
the effect of advection was larger than that of diffusion. The
influence of walls and the geometrical extent of heat sources
contribute to further deviations from a simple diffusion model.
Simulations were carried out with the CFD software
COMSOL. The temperature in the water basin was evaluated
for 2000 randomly selected simulation points, as well as for a
fixed grid of 52 by 52 points as a reference. For generating the
required test data, it was sufficient to consider only the steady
state. The powers of the heat sources were scaled in a way that
all temperatures lay in the range between -1°C and +1°C.

Figure 2: Setup of flow and heat transfer simulation with three heat sources
inside a water basin.

Effects of the number of sensor, noise RMS and number
of virtual sensors
Figure 3 shows the influence of the number of sensors on
the prediction error. The error is for Virtual Kriging worstcase 7.8% higher than for Full Kriging at sMax=500. For
sMax<200, Virtual Kriging achieves at an even lower error. The
Virtual Kriging model has fewer degrees of freedom and thus
enforces a higher smoothing of measurement noise.
The dependency of the prediction error from the noise RMS
is shown in figure 4. Even under zero noise conditions, all
models entail a certain minimal error, which is 2.8 times
higher for Virtual Kriging than for Full Kriging. Only for
σN≥0.1 both errors become almost the same. Virtual Kriging
was in all cases better than the RBF Model.
Figure 5 shows how the error decreases with the number of
virtual sensors. For vN ≥21 hardly any difference was observed
between Virtual and Full Kriging. But to be safe for variations
of sMax and σN, we selected vN=25. The RBF model achieved at
an error of 29% higher than Full Kriging with a low number of
model parameters with bMax=7, but almost no improvement
was achieved by additional model parameters.
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The variogram for the Kriging method was estimated based
on the measurement points. A good fit of the experimental
variogram was achieved with a model consisting of two
Gaussian functions (8), whose parameters depend on the noise
RMS, e.g., n=0.009°C2, s1=0.0121°C2, r1=1.05m, s2=0.19°C2
and r2=5m for σN=0.1°C.

IV. SIMULATION RESULTS
Our simulations were centered on a standard setup with
sMax=200 sensors and noise RMS σN =0.1°C. The best possible
accuracy compared with the undistorted field values was
achieved with Full Kriging with a prediction error of εRef =
0.0673°C (Table 1). Virtual Kriging achieved at almost the
same error with εRef =0.0674°C with vN=25 virtual sensors.
The error for the RBF model εRef =0.088°C was 31% higher
for bMax=10 base functions.
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The optimization of the position of the virtual sensors was
carried out for different values of sMax, σN and vN. The average
error of the model compared to the undistorted field εRef, was
calculated for 200 simulation runs for each parameter set. For
each simulation run a new set of sMax measurement points was
randomly picked from the simulation data and i.i.d. noise with
RMS σN was added. The initial step width for optimization
was set to ∆x,y=0.1m.
The first point on the rectangular spiral was shifted by a
random offset for each simulation run to avoid a bias by a
fixed selection of the initialization coordinates.
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Fig. 3. Influence of the number of sensors on the prediction error for RBF and
Kriging models.

B.

Quantization of virtual sensor positions
In a final simulation, the position coordinates of the virtual
sensors were rounded to different numbers of bits. The
predicted value for the virtual sensor position was calculated
anew after rounding. The effect of this quantization is shown
in figure 6. Even with 6 bits the error is only 0.9% higher
compared to field reconstruction based on floating point
values for the virtual sensor coordinates. The loss of accuracy
reduced to 0.04% for 8 bits.
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Fig. 4. Influence of noise RMS on the prediction error for RBF and Kriging
models.
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Compression rate
Table 1 shows an example calculation of the achieved
compression rate for smax=200 and σN=0.1°C. The coordinates
of the virtual sensors are less sensitive towards quantization
and can be transmitted in one byte. For all other model
parameters we assume two bytes. Full Kriging requires
transmission of all measurement values. The variogram has to
be estimated on the gateway side for Virtual Kriging, so 5
variogram parameters have to be added to the data volume.
The required data volume to transmit the parameters of the
two reference models and of Virtual Kriging is given in
table 1. The RBF is able to compress the data volume to
20.5% compared with Full Kriging with bMax=10, but at the
cost of a higher prediction error. Virtual Kriging reduces the
prediction error to a value similar to Full Kriging with a higher
data volume of 26.25%.
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Table 1: Prediction error and required number of parameters for different
models.
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Fig. 5. Influence of model size on the prediction error for RBF and Kriging
models.

Model
Prediction error εRef

Full Kriging
0.0673

2 Byte values

smax for ms

1 Byte values
Typical model size
Data volume
Relative volume

smax=200
400 bytes
100%

Virtual Kriging
0.0674
vN for pv
5 for variogram
2∙vN for vx, vy
vN=20
105 bytes
26.25%

RBF model
0.088
4∙bmax+1 for px,i,
px,i, ai, ,λi and c0
bmax=10
82 bytes
20.5%
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Fig. 6. Effect of quantization of the positions of the virtual sensors
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The spatial distribution of a physical quantity cannot be
exactly approximated by a model with a limited number of
parameters, so inaccuracies in field reconstruction cannot be
avoided. But in case that the measurements are overlaid with
high noise, as it is often the case in geological exploration
projects for example, the error of the field reconstruction is
masked by the noise.
In our simulation studies with a standard deviation of the
measured temperature of ±0.422°C, there was hardly any
difference between the field reconstructions based on 25
virtual sensors and by the full set of 200 real sensors if the
measurement noise RMS was ≥0.1°C.
If a higher prediction error is acceptable, the measurements
can be transmitted by the parameters of an RBF model.
Disadvantage of the RBF model is that it cannot compensate
for the higher prediction error by increasing the number of
parameters. Even for 30 base functions, the error is still 25%

higher compared with Full Kriging as reference. But it has the
advantage that lowering the number of parameters only
slightly increased the error until a minimum of 7 base
functions with an error 30% higher than of Full Kriging.
The equation of a Gaussian RBF gives only a perfect match
for pure diffusion processes. Our simulations showed that the
RBF model is capable to adapt to other physical phenomena
such as advection by adding more base functions.
In all simulations for different numbers of sensors and
measurement noise RMS values, the prediction error of
Virtual Kriging was always better compared to the RFB
model. Virtual Kriging should be therefore preferred for
compressed transmission of the data from spatial
measurements, even if the mathematical model is more
complex and the required data volume was 6% higher in our
test scenario.
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